For the permittivity tensor of photoelastic anisotropic crystals we obtain the exact non-linear dependence on the Cauchy stress tensor. We obtain the same result for its square root whose principal components, the crystal principal refractive index, are the starting point for any photoelastic analysis of transparent crystals. From these exact results then we obtain, in a total general manner, the linearized expressions to within higher-order terms in the stress tensor for both the permittivity tensor and its square root. We finish by showing some relavant examples of both non-linear and linearized relations for optically isotropic, uniaxial and biaxial crystals.
Introduction
In crystal photoelasticity the evaluation of the principal refractive index and their dependence on the stress, either applied or residual, is a mandatory step for any theoretical and experimental analysis of the optical properties of transparent crystals (vid. e.g. [1] - [3] ).
For B o the dielectric permeablity tensor in the unstressed state and M the fourth-order piezo-optic tensor, the dielectric permeablity of a stressed crystal is described by the Maxwell linear relation:
where T is the symmetric Cauchy stress tensor. The relation between the principal values (B 1 , B 2 , B 3 ) of B(T) and the principal refractive index (n 1 , n 2 , n 3 ) is: B k = n −2 k , k = 1, 2, 3 ;
the difference between principal refractive index, the birifringence:
is one of the most important measurable quantities in photoelastic experiments (cf. e.g. [4] - [6] ). Clearly, any analytical evaluation of the principal refractive index n k can be done provided that we are able first to write the inverse of B(T), the dielectric permittivity
and then to obtain its square root:
the principal values (n 1 , n 2 , n 3 ) of N(T) being the principal refractive index. The typical solution of this problem is to find first the eigencouples (B k , u k ) of K(T), then take the square root of the inverse of (2) and finally, if we need linearized relations, linearize the result about the unstressed state T = 0, like we did for instance into [7] and [8] . Such an approach has many limitations, since the possibility to find an explicit expression for the eigencouples (B k , u k ) depends heavily on the crystal symmetry trough M and on the stress tensor T: indeed into [7] , [8] we considered special state of stress. Moreover, for optically uniaxial materials the linearization about the unstressed state may be not well-defined since the derivative of n k with respect to T may blows-up for T → 0.
Recently, searching for an easy way to represent the rotation in the polar decomposition of the deformation gradient, in a serendipitously way I found an old paper of Hoger and Carlson [9] dealing with the inversion of a tensor like (1) and with the square-root extraction like in (5) . The most interesting thing is that the exact results obtained there didn't require an a-priori solution of an eigenvalue problem: rather they were obtained by a repeated application of the Cayley-Hamilton theorem.
In our paper we apply the results presented into [9] to obtain explicit, exact and non-linear relations for the permittivity tensor (4) and for its square root (5) , in terms of B o and M[T]. Then, by starting from these exact results, we give a general linearization procedure which leads, to within higher-order terms into T, to two relations which are equivalent to (1), namely:
with the two fourth-order piezo-optic tensor K and N expressed solely in terms of the components of the eigencouples of B o and M.
As a matter of fact however, in order to obtain the principal refractive index from N(T) we still need to solve an eigenvalues problem: besides special cases of stress in which one eigenvector of N(T) is known, we have to solve the problem by the means of an approximate method like e.g. that proposed into [2] ; on the other hand no further approximations besides the linearization, and no special hypothesis on T are necessary to obtain (6) 2 .
Notation
Let V be the three-dimensional vector space whose elements we denote v ∈ V and Lin the space of second order tensors A ∈ Lin. For {e k } , k = 1, 2, 3 an orthonormal base in V, the components of v and A are given by v i = v · e i and A ij = A · e i ⊗ e j = Ae j · e i , i, j = 1, 2, 3. We denote Sym and Sym + the subspaces of Lin of symmetric and positive-definite symmetric tensors respectively; in Sym we find useful to use the orthogonal base {W h } , h = 1, . . . 6: 2
with I = W 1 + W 2 + W 3 . We define the spherical and deviatorical parts of T ∈ Sym as:
the underlying associated subspaces of Sym being Sph and Dev, Sym = Sph ⊕ Dev; in the base (7) we have:
wherê
(10) If (σ k , e k ), k =, 1, 2, 3 are the eigencouples of T then by the decomposition (8) we have
whereσ k are the eigenvalues of dev T. The orthogonal invariants ι kA , k = 1, 2, 3 of A ∈ Lin are defined by:
ι 3A = det A ;
here A * = (det A)A −T denotes the cofactor of A. For α ∈ R the following identity holds:
moreover, for C = A + αe ⊗ e + βg ⊗ g with α , β ∈ R and e = g = 1 , e · g = 0, it is:
Let M : Sym → Sym be the piezo-optic fourth-order tensor, then its components are defined as
or in the Voigt's two index notation:
We denote I the fourth-order identity and with M T the transpose of M:
For given B , C ∈ Lin we shall make use of the two fourth-order tensors B⊠C and B ⊗ C defined by:
The dielectric permittivity tensor
In [9] it was obtained an analytical exact expression of the inverse:
provided c > 0 and M ∈ Sym + ; the result was obtained by the means of a repeated application of the Cayley-Hamilton theorem. Further, by the same tool, an explicit and exact analytical expression for the square root of a symmetric positive definite tensor was also given.
In the following subsections we shall show how the result given into [9] allow for an explicit, exact and non-linear expression of the permittivity tensor K(T) defined by (4) and of its square root N(T) defined by (5) .
We shall treat separately the three cases of Optically Isotropic, Optically Uniaxial and Optically Biaxial crystals, which differs for the different multiplicity of the eigenvalues of B o .
Optically Isotropic crystals
For Optically Isotropic crystals (which are comprised of Isotropic materials and Cubic crystals), the tensor B o ∈ Sph, with
Hence, the results of [9] can be used directly provided in (19) we identify:
We notice that, whereas both B(T) ∈ Sym + and B o ∈ Sym + , nothing can be said about the difference B(T) − B o = M[T]: however in [9] , the positivedefiniteness of M is an invertibility requirement; accordingly we simply made the weaker assumption that M = M[T] is invertible for all T.
Granted such an assumption, from equation (2.2) of [9] we obtain the explicit representation for K(T):
where the three functions α j , j = 1, 2, 3 are given by
We remark that relation (22) can also be arrived directly by the representation theorem for isotropic functions (vid. e.g. [10] ):
in our treatment the depencence of the three functions I j (ι kM ), j = 0, 1, 2 on the invariants of M is made explicitly by (23) as a consequence of the procedure followed into [9] . To obtain the square root of K(T) we then make use of formula (3.7) of [9] which gives N(T) in terms of functions of the invariants of both K(T) and N(T):
where
the invariants ι kN in (27) can be represented explicitly in terms of the invariants ι kK (vid. [9] , §.5 and eqn.s (D2) and (D5) in the Dataset [DS] for this paper).
If we use (22) into (26) we arrive at the explicit expression for the square root of the permittivity tensor:
where the five functions a j = a j (n o , M[T]) = a j (α k , ν h ) , j = 1, . . . 5 are given explicitly by:
The principal values of (28) then gives the explicit and non-linear formula for the principal refraction index.
Optically Uniaxial crystals
Optically uniaxial crystals belongs to Trigonal, Tetragonal and Hexagonal symmerty groups. In all these cases the tensor B o for uniaxial crystal has representation, provided we identify the optic axis direction with e 3 :
where n o is the ordinary and n e the extraordinary refractive index; accordingly
and the results obtained for optically isotropic materials still hold provided we set the tensorM in place of M:
Equations (22), (23), (27), (28) and (29) still hold provided we replace M withM, the relation between their invariants being obtained by the means of identities (14):
The dielectric permittivity tensor for uniaxial crystal then is given by:
where the relation between the functions β k , k = 1, 2, 3 are given by:
. By setting (34) into (26) then we get the non linear relation for N(T) in uniaxial crystals: 
Optically Biaxial crystals
Optically biaxial crystals are of the Triclinic, Monoclinic and Orthorhombic symmetry groups and have three different principal refractive index: if we assume that the orthonormal frame {e k }, k = 1, 2, 3 is also the principal frame for B o then: 3
let B 1 > B 2 > B 3 , then we can rewrite (37) as:
and by replacing again into (22), (23), (26) and (27) the tensor M withM
we arrive at the following relation for the permittivity tensor
where the functions γ k = γ k (n j , M[T]) , j, k = 1, 2, 3 are defined by
and the orthogonal invariants ofM are:
As in the previous cases by (26) and (40) we get the relation for the square root of the permittivity tensor for biaxial crystals: 
Linearized relations
Relation (1) is a linear relation in the stress T: on the other hand, the exact relations for K(T) and N(T) we obtained in §.2 are non-linear, involving the inversion of (1) and the extraction of its square root.
Crystals however are brittle materials, with a limited elastic range and a low brittle fracture tensile strength: accordingly it makes sense to consider an expression for the principal refractive index which is linearized in the stress, to arrive at a relation which is equivalent to (1) .
In previous papers dedicated to the same problem [7] , [8] , we obtained linear relations for n k (T) by a linearization procedure which involved the eigenvalues B k of B(T):
this procedure however was far from general (we must have explicit relations for B k , which is not possible for all crystallographic classes and all stress) and moreover the derivative of B k blows-up to infinity for T = 0 for uniaxial crystals and some special cases of stress. We give here for both the permittivity tensor and for its square root a general linearization scheme which holds for any stress T and leads to (6)
with K o = K(0), N(0) = N o and the two fourth-order tensors
as in the previous section we shall treat in order the three cases of Optically Isotropic, Uniaxial and Biaxial crystals.
Optically Isotropic
In this case, since B o = n −2 o I, it is trivial to evaluate its inverse and the associated square root.
As far as the fourth-order tensor K is concerned, from (22) we have
where the terms α jo = α j (n o , 0) , j = 1, 2, 3 are
then, since
we have, to within higher-order terms:
When we turn our attention to (45) 2 , by (28) we have that:
and since by eqn.s (D12) and (D16) from the dataset [DS] it is
then we are led, to within higher-order terms in the stress tensor, to
The piezo-optic tensors K and N for an optically isotropic material accordingly admit the following simple representation:
being both proportional to the Maxwell piezo-optic tensor M.
Optically Uniaxial
For optically uniaxial crystals, from (30), trivially:
whereas from (40) we get:
By (35) and (58) it is:
then, since:
by (58) 1,3 , (60) and (50), then from (59) we arrive at
In a similar manner:
then by (62), (58) 3 and (50) we arrive at
From (61) and (64) then we get, to within higher-order terms, the linearized relation for the permittivity:
As far as the tensor N(T) is concerned,, from (36) we have
and by the means of eqn.(D24) of [DS], we obtain the linearized expression for the square root of the permittivity tensor:
where the functions F k = F k (ξ) , ξ = n e /n o , k = 1, 2, are defined by (vid.
[DS]):
with F k (1) = 0.
The piezo-optic tensors K and N for optically uniaxial crystals have the following representation:
Optically Biaxial
Since B o for optically biaxial crystals is given by (37), then K(0) and N(0) admit the explicit representations:
the fourth-order derivative of permittivity with respect to T is
Since, by a repeated application of the same procedure we used for uniaxial materials, we have:
then we obtain, to within higher-order terms, the linearized relation for the permittivity:
We turn our attention to (46) 2 and then, by (43), (70) 2 and (45) 2 we get
and
where the six functions G k , k = 3, . . . 8 of the two parameters ξ α = n α /n 3 , α = 1, 2, given explicitly in [DS] , are such that G 3 (1 , 1) = 1/2 and G j (1 , 1) = 0 , j = 3, then from (74) we get
By (73) and (77) then the tensors K and N for a biaxial crystal have the explicit form:
Examples

Optically Isotropic crystals 4.1.1. Isotropic materials
For Isotropic materials the piezo-optic tensor has the representation [11]
where the two piezo-optic moduli M 1 and M 2 are expressed in terms of the components M ijhk = M jihk = M ijkh of the piezo-optic tensor by
Accordingly, by (79) and (8) we have
Then, since B o is given by (20), then the permittivity tensor is then given by relation (22) together with (79):
where, explicitly
, and withι 2T andι 3T the invariants of dev T. We write (82) in terms of (11) together with (83) and since (82) is still in spectral form, then we get directly the principal refractive index as the square root of the principal values of (82):
with
When we consider the linearized relation (54) then we arrive directly at the very well-known formula:
which shows how, in order to have birifringence, an isotropic material must be loaded by a deviatoric stress. From (3) and (86) then it follows trivially the well-known Brewster's law [12] , [13] :
In order to compare the linearized relation (86) with the non-linear relation (84) we consider separately a spherical stress σ m and a generic deviatorical stressσ k for a LG-812 Nd-doped glass [14] with (at λ = 632 nm): from the graphs we see that the two relations diverge for a stress which is about 10 2 times the brittle fracture stress σ f = 100 N/mm 2 : for a stress which is below this brittle fracture stress (for log(σ/σ f ) < 10 0 ) the non-linear and the linear relations give the same results.
Cubic crystals
For Cubic crystals of the classes 432,43m and m3m, (the higher-symmetry classes) the piezo-optic tensor can be represented in terms of three moduli:
from (89) it follows that
For the lower-symmetry cubic classes 23 , m3 in place of (91) we have instead
If we use (91) and(92) into the linearized relation (84), then it appears that in absence of shear stress T ij , i = j, the frame {e k } , k = 1, 2, 3, is still a principal frame for B(T) and the principal refractive index still are given by (86): moreover whenever at least two shear stress are zero we are still able to write in an explicit form the principal refractive index, since we know one of the principal directions.
Optically Uniaxial crystals
For the optically uniaxial crystals,in force of the considerations we did about isotropic materials, we shall deal only with the linearized relation (69) 2 ; by using the representation (D31) from the Dataset [DS], which gives the tensor M[T] in terms of the six components N K = N K (M , σ m , dev T) into (69) 2 we arrive at:
a relation which holds true for any optically uniaxial crystal. Clearly N[T] has not, for a generic T, the same eigenvectors of B o and we are left with the problem to solve the eigenvalues problem for the tensor
however from (94) we can obtain the restrictions on the stress in order that N[T] and B o have at least a common eigenvector. Trivially this can be obtained if two between the components N 4 , N 5 and N 6 vanishes. For the Trigonal classes 3 ,3 the request that two of these components be zero requiresT 11 =T 22 and T ij = 0, i = j which implies that also the third constant vanishes: accordingly {e k } is a base of eigenvectors for N(T) and hence for B(T). For the classes 32, 3m,3m when T 12 = T 23 = 0 we have N 5 = N 6 = 0 and e 1 is an eigenvector for B(T).
For the Tetragonal and Hexagonal lower-symmetry classes the condition T 13 = T 23 = 0 makes both N 4 = N 5 = 0 and the symmetry direction e 3 is an eigenvector for B(T), whereas for the high-symmetry classes it is sufficient that two shear stress vanish.
If we consider for instance the Tetragonal 4/m lead-tungstate PbWO 4 (PWO) with n o = 2.270 and n e = 2.186 at λ = 525 nm, [15] then ξ = 0.962 with
the six components of the tensor N(T) then are given by:
The eigenvalues of N(T) can be obtained either in exact form whenever at least two shear stress vanishes or, provided B o >> M[T] , with approximated methods like the one proposed e.g. into [2] .
Optically Biaxial crystals
Also in this case we deal with the linearized relation (78) only, and by a simple calculation with the representation (D31) from the Dataset [DS] we arrive at:
As in the case of uniaxial crystals, in order that B(T) and B o have at least a common eigenvector we need that two components between N 4 , N 5 and N 6 must vanish. In monoclinic crystals, from the relations for N K provided in [DM] this means that we may have T 13 = T 23 = 0 with the monoclinic b−axis e 3 as the common eigenvector. For Orthorhombic crystals instead it suffices that two of the shear stress must vanish. There is no such a possibility for Triclinic crystals instead.
We consider as an example the cerium-doped Lu x Y 2−x SiO 5 (LYSO) which is monoclinic, class 2/m with n 1 = 1.8313, n 2 = 1.8524 and n 3 = 1.8277 at λ = 409 nm [16] : in this case ξ 1 = 1.002 and ξ 2 = 1.013, with: here for T 13 = T 23 = 0 the eigenvalues can be obtained in explicit form, whereas in the other cases we need an approximate method to find the eigenvalues like the one proposed in [2] .
Conclusions
We first obtained the exact expression for the permittivity tensor and its square root for optically isotropic, uniaxial and biaxial crystals, by applying a result obtained into [9] : the principal components of the permittivity square root are the principal refractive index.
Then we get the linearized relations for both the permittivity tensor and its square root, to within higher-order terms in the stress tensor: these relations holds for any crystallographic symmetry and any stress tensor. By the means of an example concerning glass, which is optically anisotropic, we show that the linearized and the exact relations coincides for stress which two order bigger than the brittle fracture stress.
We finish by writing the components of the square root of the permittivity tensor for optically uniaxial and biaxial crystals and by showing the restriction on the stress which allow for an explicit evaluation of the principal refraction index, the other cases being dealt with one of the approximate methods which can be found in the literature.
We think that these relations generalize and simplify those presented elsewhere for special cases of stress and crystallographic symmetries.
